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Abstract
In some previous papers, a Legendre duality between Lagrangian and Hamilto-
nian Mechanics has been developed. The (ρ, η)-tangent application of the Legendre
bundle morphism associated to a Lagrangian L or Hamiltonian H is presented.
Using that, a Legendre description of Lagrangian Mechanics and Hamiltonian Me-
chanics is developed. Duality between Lie algebroids structure, adapted (ρ, η)-basis,
distinguished linear (ρ, η)-connections and mechanical (ρ, η)-systems is the scope of
this paper. In the particular case of Lie algebroids, new results are presented. In
the particular case of the usual Lie algebroid tangent bundle, the classical results
are obtained.
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1 Introduction
The notion of Lagrange space was introduced and studied by J. Kern [14] and R. Miron
[20] . In the Classical Mechanics we obtain a Lagrangian formalism if we use TTM as
space for developing the theory. (see [6, 7, 21, 22, 26, 27, 28, 34])
In [18], P. Liberman showed that such a Lagrangian formalism is not possible if the
tangent bundle of a Lie algebroid is considered as space for developing the theory. In
his paper [39] A. Weinstein developed a generalized theory of Lagrangian Mechanics on
Lie algebroids and obtained the equations of motion, using the linear Poisson structure
on the dual of the Lie algebroid and the Legendre transformation associated with the
regular Lagrangian L. In that paper, he asks the question of whether it is possible
to develop a formalism on Lie algebroids similar to Klein’s formalism [16] in ordinary
Lagrangian Mechanics. This task was finally done by E. Martinez in [19] (see also
[9, 18]).
The geometry of algebroids was extensively studied by many authors. (see[3, 29, 30, ],
[35, 36, 37, 38])
Using the generalized Lie algebroids, (see [1, 2]) a new point of view over the La-
grangian Mechanics is presented in the paper [4]. The canonical (ρ, η)-(semi)spray
associated to mechanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ) and from locally invert-
ible Bv-morphism (g, h) have been presented. Lagrange mechanical (ρ, η)-systems, the
spaces necessary to solve the Weinstein’s problem, were introduced. There have been
presented the (ρ, η)-semispray associated to a regular Lagrangian L and external force
Fe which are applied on the total space of a generalized Lie algebroid and the equations
of Euler-Lagrange type.
The geometry of T ∗M is from one point of view different from that of TM, because
it does not exist a natural tangent structure and a semispray can not be introduced in
the case of the tangent bundle. Two geometrical ingredients are of great importance
to T ∗M : the canonical 1-form pidx
i and its exterior derivative dpi ∧ dx
i (the canonical
symplectic structure of T ∗M). They are systematically used to define new useful tools
in the classical theory.
The concept of Hamilton space, introduced in [25] and intensively studied in [10, 11, ]
[12, 13, 21, 22] has been succesful, as a geometric theory of the Hamiltonian function.
The modern formulation of the geometry of Cartan spaces was given by R. Miron [23, 24]
although some results were obtained by E´. Cartan [8] and A. Kawaguchi [15] .
A Hamiltonian description of Mechanics on duals of Lie algebroids was presented in
[17] . (see also [32, 33, 35, 36, 37, 38) The role of cotangent bundle of the configuration
manifold is played by the prolongation Lτ
∗
E of E along the projection E∗
τ∗
−−→ M.
The Lie algebroid version of the classical results concerning the universality of the
standard Liouville 1-form on cotangent bundles is presented. Given a Hamiltonian
function E∗
H
−−→ R and the symplectic form ΩE on E
∗, the dynamics are obtained
solving the equation
iξHΩE = d
Lτ
∗
EH
with the usual notations. The solutions of ξH (curves in E
∗) are the ones of the Hamilton
equations for H. (see [17])
A Hamiltonian description of Mechanics on duals of generalized Lie algebroids with-
out the symplectic form is presented in the paper [5] . The canonical (ρ, η)-semispray
associated to the dual mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η) Γ
)
and from lo-
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cally invertible Bv-morphism (g, h) . Also, the canonical (ρ, η)-spray associated to me-
chanical system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η) Γ
)
and from locally invertible Bv-morphism
(g, h) have been presented.
The Hamilton mechanical (ρ, η)-systems are the spaces necessary to obtain a Hamil-
tonian formalism in the general framewrok of generalized Lie algebroids. The (ρ, η)-
semispray associated to a regular Hamiltonian H and external force
∗
F e which are ap-
plied on the dual of the total space of a generalized Lie algebroid and the equations of
Hamilton-Jacobi type have been presented.
Using the classical Legendre transformation different geometrical objects on TM
are naturally related to similar ones on T ∗M. The geometry of Hamilton space can be
obtained from that of a certain Lagrange space and vice versa. As a particular case, we
can associate its dual to a given Finsler which is a Cartan space. In addition, in some
conditions the L-dual of Kropina space is the Randers space and the L-dual of Randers
space is the Kropina space. These spaces are used in several applications in Physics.
(see [13])
The Legendre transformation E
LegL
−−−−→ E∗ associated with a Lagrangian L in-
duces a Lie algebroid morphism LτE
LLegL
−−−−−−→ Lτ
∗
E, which permits in the regular
case to connect Lagrangian and Hamiltonian formalisms as in Classical Mechanics. (see
[17])
In this paper we extend our study in the general framework of generalized Lie alge-
broids. Using the (ρ, η)-tangent application of the Legendre bundle morphism associated
to a Lagrangian L or Hamiltonian H we obtain a lot of new results.
The Lagrangian Mechanics presented in the paper [4] is dual to the Hamiltonian
Mechanics presented in the paper [5] and vice versa. In paricular, a new point of view
over the Legendre duality between Lagrangian Mechanics and Hamiltonian Mechanics
in the framework of Lie algebroids is presented in this paper.
2 Preliminaries
Let Vect, Liealg, Mod, Man, B and Bv be the category of real vector spaces, Lie
algebras, modules, manifolds, fiber bundles and vector bundles respectively.
We know that if (E, pi,M) ∈ |Bv| so that M is paracompact and if A ⊆M is closed,
then for any section u over A it exists u˜ ∈ Γ (E, pi,M) so that u˜|A = u. In the following,
we consider only vector bundles with paracompact base.
Aditionally, if (E, pi,M) ∈ |Bv| , Γ (E, pi,M) = {u ∈Man (M,E) : u ◦ pi = IdM}
and F (M) = Man (M,R) , then (Γ (E, pi,M) ,+, ·) is a F (M)-module. If (ϕ,ϕ0) ∈
Bv ((E, pi,M) , (E′, pi′,M ′)) such that ϕ0 ∈ IsoMan (M,M
′) , then, using the operation
F (M)× Γ (E′, pi′,M ′)
·
−−−−→ Γ (E′, pi′,M ′)
(f, u′) 7−→ f ◦ ϕ−10 · u
′
it results that (Γ (E′, pi′,M ′) ,+, ·) is a F (M)-module and we obtain theMod-morphism
Γ (E, pi,M)
Γ(ϕ,ϕ0)
−−−−−−−−−−→ Γ (E′, pi′,M ′)
u 7−→ Γ (ϕ,ϕ0)u
defined by
Γ (ϕ,ϕ0)u (y) = ϕ
(
uϕ−10 (y)
)
,
3
for any y ∈M ′.
Let M,N ∈ |Man| , h ∈ IsoMan (M,N) and η ∈ IsoMan (N,M) be.
We know (see [1, 2]) that if (F, ν,N) ∈ |Bv| so that there exists
(ρ, η) ∈ Bv ((F, ν,N) , (TM, τM ,M))
and also an operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F,h
−−−→ Γ (F, ν,N)
(u, v) 7−→ [u, v]F,h
with the following properties:
GLA1. the equality holds good
[u, f · v]F,h = f [u, v]F,h + Γ (Th ◦ ρ, h ◦ η) (u) f · v,
for all u, v ∈ Γ (F, ν,N) and f ∈ F (N) .
GLA2. the 4-tuple
(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
is a Lie F (N)-algebra,
GLA3. the Mod-morphism Γ (Th ◦ ρ, h ◦ η) is a LieAlg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target, then the triple
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is called generalized Lie algebroid.
In particular, if h = IdM = η, then we obtain the definition of the Lie algebroid.
Let
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
be ageneralized Lie algebroid.
• Locally, for any α, β ∈ 1, p, we set [tα, tβ ]F,h = L
γ
αβtγ . We easily obtain that
L
γ
αβ = −L
γ
βα, for any α, β, γ ∈ 1, p.
The real local functions Lγαβ, α, β, γ ∈ 1, p will be called the structure functions of
the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
• We assume the following diagrams:
F
ρ
−−−−−→ TM
Th
−−−−−−→ TN
↓ ν ↓ τM ↓ τN
N
η
−−−−−→ M
h
−−−−−→ N
(
χı˜, zα
) (
xi, yi
) (
χı˜, z ı˜
)
where i, ı˜ ∈ 1,m and α ∈ 1, p.
If (
χı˜, zα
)
−→
(
χı˜′
(
χı˜
)
, zα′
(
χı˜, zα
))
,
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(
xi, yi
)
−→
(
xi´
(
xi
)
, yi´
(
xi, yi
))
and (
χı˜, z ı˜
)
−→
(
χı˜′
(
χı˜
)
, z ı˜′
(
χı˜, z ı˜
))
,
then
zα´ = Λα´αz
α ,
yi´ = ∂x
i´
∂xi
yi
and
z ı˜′ = ∂χ
ı˜′
∂χı˜
z ı˜.
• We assume that (θ, µ)
put
= (Th ◦ ρ, h ◦ η). If zαtα ∈ Γ (F, ν,N) is arbitrary, then
(2.1)
Γ (Th ◦ ρ, h ◦ η) (zαtα) f (h ◦ η (κ)) =
=
(
θı˜αz
α ∂f
∂κı˜
)
(h ◦ η (κ)) =
((
ρiα ◦ h
)
(zα ◦ h) ∂f◦h
∂xi
)
(η (κ)) ,
for any f ∈ F (N) and κ ∈ N.
The coefficients ρiα respectively θ
ı˜
α change to ρ
i´
α´ respectively θ
ı˜´
α´ according to the
rule:
(2.2) ρi´α´ = Λ
α
α´ρ
i
α
∂xi´
∂xi
,
respectively
(2.3) θ ı˜´α´ = Λ
α
α´θ
ı˜
α
∂κ ı˜´
∂κ ı˜
,
where
‖Λαα´‖ =
∥∥∥Λα´α∥∥∥−1 .
Remark 2.1 The following equalities hold good:
(2.4) ρiα ◦ h
∂f ◦ h
∂xi
=
(
θı˜α
∂f
∂κ ı˜
)
◦ h,∀f ∈ F (N) .
and
(2.5)
(
L
γ
αβ ◦ h
)(
ρkγ ◦ h
)
=
(
ρiα ◦ h
) ∂ (ρkβ ◦ h)
∂xi
−
(
ρ
j
β ◦ h
) ∂ (ρkα ◦ h)
∂xj
.
3 Legendre transformation
Let (E, pi,M) be a vector bundle. We take
(
xi, ya
)
as canonical local coordinates on
(E, pi,M) , where i ∈ 1,m and a ∈ 1, r. Consider
(
xi, ya
)
−→
(
xi´
(
xi
)
, ya´
(
xi, ya
))
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a change of coordinates on (E, pi,M). Then the coordinates ya change to ya´ according
to the rule:
(3.1) ya´ =M a´a y
a.
Let
(
∂i,
·
∂a
)
be the natural base of the Lie F (E)-algebra (Γ (TE, τE , E) ,+, ·, [, ]TE) .
Let
(
∗
E,
∗
pi,M
)
be the dual vector bundle of (E, pi,M). We take
(
xi, pa
)
as canonical
local coordinates on
(
∗
E,
∗
pi,M
)
, where i ∈ 1,m and a ∈ 1, r. Consider
(
xi, pa
)
−→
(
xi´
(
xi
)
, pa´
(
xi, pa
))
a change of coordinates on
(
∗
E,
∗
pi,M
)
. Then the coordinates pa change to pa´ according
to the rule:
(3.2) pa´ =M
a
a´ pa.
If (U, sU ) and
(
U,
∗
sU
)
are vector local (m+ r)-charts then
Maa´ (x) ·M
a´
b (x) = δ
a
b , ∀x ∈ U.
Let
(
∗
∂i,
·
∂
a
)
be the natural base of the Lie F
(
∗
E
)
-algebra
(
Γ
(
T
∗
E, τ ∗
E
,
∗
E
)
,+, ·, [, ]
T
∗
E
)
.
Let L be a Lagrangian on the total space of the vector bundle (E, pi,M) . (see [4]) If
(U, sU ) is a vector local (m+ r)-chart for (E, pi,M), then we obtain the following real
functions defined on pi−1 (U):
(3.3)
Li
put
= ∂L
∂xi
Lib
put
= ∂
2L
∂xi∂yb
La
put
= ∂L
∂ya
Lab
put
= ∂
2L
∂ya∂yb
.
We build the fiber bundle morphism
E
ϕL
−−−−−−→
∗
E
pi ↓ ↓
∗
pi
M
IdM
−−−−−−−→ M
,
where ϕL is locally defined
(3.4) pi
−1 (U)
ϕL
−−−−−−→
∗
pi
−1
(U)
ux 7−→ La (ux) s
a (x)
,
for any vector local (m+ r)-chart (U, sU ) of (E, pi,M) and for any vector local (m+ r)-
chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
.
We obtain the Hamiltonian H, locally defined by
(3.5)
∗
pi
−1
(U)
H
−−−−−→ R
∗
ux = pas
a 7−→ pay
a − L (ux)
,
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for any vector local (m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
, where
(
ya, a ∈ 1, r
)
are the
components of the solutions of the differentiable equations
pb = Lb (ux) , ux ∈ pi
−1 (U) .
The Hamiltonian given by (3.5) will be called the Legendre transformation of the
Lagrangian L.
If
(
U,
∗
sU
)
is a vector local (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then we obtain the following
real functions defined on
∗
pi
−1
(U):
(3.3)′
Hi =
∂H
∂xi
Hbi =
∂2H
∂xi∂pb
Ha = ∂H
∂pa
Hab = ∂
2H
∂pa∂pb
.
Using this Hamiltonian, we build the fiber bundle morphism
∗
E
ϕH
−−−−−−−→ E
∗
pi ↓ ↓ pi
M
IdM
−−−−−−−→ M
,
where ϕH is locally defined
(3.4)′
∗
pi
−1
(U)
ϕH
−−−−−−−→ pi−1 (U)
∗
ux 7−→ H
a
(
∗
ux
)
sa (x)
,
for any vector local (m+ r)-chart (U, sU ) of (E, pi,M) and for any vector local (m+ r)-
chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
.
We obtain that the Lagrangian L, is locally defined by
(3.5)′
pi−1 (U)
L
−−−−−→ R
ux = y
asa 7−→ y
apa −H
(
∗
ux
) ,
for any vector local (m+ r)-chart (U, sU) of (E, pi,M) , where
(
pa, a ∈ 1, r
)
are the
components of the solutions of the differentiable equations
ya = Ha
(
∗
ux
)
,
∗
ux ∈
∗
pi
−1
(U) .
We will say that L is the Legendre transformation of the Hamiltonian H.
Remark 3.1 For any vector local (m+ r)-chart (U, sU ) of (E, pi,M) and for any
vector local (m+ r)-chart
(
U,
∗
sU
)
of
(
∗
E,
∗
pi,M
)
we obtain:
(3.6) ϕH ◦ ϕL = Idpi−1(U)
and
(3.7) ϕL ◦ ϕH = Id∗
pi
−1
(U)
.
Therefore, locally, ϕL is diffeomorphism and ϕ
−1
L = ϕH .
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4 Duality between Lie algebroids structures
Using the diagram:
(4.1)
E
(
F, [, ]F,h , (ρ, η)
)
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid, we build the Lie algebroid
generalized tangent bundle (see [1, 4])
(4.2)
(
((ρ, η)TE, (ρ, η) τE , E) , [, ](ρ,η)TE , (ρ˜, IdE)
)
.
The natural (ρ, η)-base of sections is denoted
(4.3)
(
∂˜α,
·
∂˜a
)
.
The Lie bracket [, ](ρ,η)TE is defined by
(4.4)
[(
Zα1 ∂˜α + Y
a
1
·
∂˜a
)
,
(
Z
β
2 ∂˜β + Y
b
2
·
∂˜b
)]
(ρ,η)TE
=
=
[
Zα1 Ta, Z
β
2 Tβ
]
pi∗(h∗F )
⊕
[(
ρiα ◦ h ◦ pi
)
Zα1 ∂i + Y
a
1 ∂˙a,(
ρ
j
β ◦ h ◦ pi
)
Z
β
2 ∂j + Y
b
2 ∂˙b
]
TE
,
for any sections
(
Zα1 ∂˜α + Y
a
1
·
∂˜a
)
and
(
Z
β
2 ∂˜β + Y
b
2
·
∂˜b
)
.
The anchor map (ρ˜, IdE) is a B
v-morphism of ((ρ, η)TE, (ρ, η) τE , E) source and
(TE, τE , E) target, where
(4.5)
(ρ, η)TE
ρ˜
−→ TE(
Zα∂˜α + Y
a
·
∂˜a
)
(ux) 7−→
(
Zα
(
ρiα◦h◦pi
)
∂i+Y
a∂˙a
)
(ux).
Using the diagram:
(4.1)′
∗
E
(
F, [, ]F,h , (ρ, η)
)
∗
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
where
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is a generalized Lie algebroid, we build the Lie algebroid
generalized tangent bundle (see [1, 5])
(4.2)′
((
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, [, ]
(ρ,η)T
∗
E
,
(
∗
ρ˜, Id ∗
E
))
.
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The natural (ρ, η)-base of sections is denoted
(4.3)′
(
∗
∂˜α,
·
∂˜
a
)
.
The Lie bracket [, ]
(ρ,η)T
∗
E
is defined by
(4.4)′
[(
Zα1
∗
∂˜α + Y
1
a
·
∂˜
a
)
,
(
Z
β
2
∗
∂˜β + Y
2
b
·
∂˜
b
)]
(ρ,η)T
∗
E
=
=
[
Zα1 Ta, Z
β
2 Tβ
]
∗
pi
∗
(h∗F )
⊕
[(
ρiα ◦ h ◦
∗
pi
)
Zα1
∗
∂i + Y
1
a ∂˙
a,(
ρ
j
β ◦ h ◦
∗
pi
)
Z
β
2
∗
∂j + Y
2
b ∂˙
b
]
T
∗
E
,
for any sections
(
Zα1
∗
∂˜α + Y
1
a
·
∂˜
a
)
and
(
Z
β
2
∗
∂˜β + Y
2
b
·
∂˜
b
)
.
The anchor map
(
∗
ρ˜, Id ∗
E
)
is a Bv-morphism of
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
source and(
T
∗
E, τ ∗
E
,
∗
E
)
target, where
(4.5)′
(ρ, η)T
∗
E
∗
ρ˜
−→ T
∗
E(
Zα
∗
∂˜α + Ya
·
∂˜
a
)
(
∗
ux)7−→
(
Zα
(
ρiα◦h◦
∗
pi
)∗
∂i+Ya∂˙
a
)
(
∗
ux).
Using the B-morphism (ϕL, IdM ), we build the B
v-morphism ((ρ, η)TϕL, ϕL) given
by the diagram
(4.6)
(ρ, η)TE
(ρ,η)TϕL
−−−−−−−−−→ (ρ, η)T
∗
E
(ρ, η) τE ↓ ↓ (ρ, η) τ ∗
E
E
ϕL
−−−−−−−−−→
∗
E
,
such that
(4.7)
Γ ((ρ, η)TϕL, ϕL)
(
Zα∂˜α
)
= (Zα ◦ ϕH)
∗
∂˜α +
[(
ρiα◦h◦pi
)
ZαLib
]
◦ ϕH
·
∂˜
b
,
Γ ((ρ, η)TϕL, ϕL)
(
Y a
·
∂˜a
)
= (Y aLab) ◦ ϕH
·
∂˜
b
,
for any Zα∂˜α+Y
a
·
∂˜a ∈ Γ ((ρ, η)TE, (ρ, η) τE, E) , where H is the Legendre transforma-
tion of the Lagrangian L.
The Bv-morphism ((ρ, η)TϕL, ϕL) will be called the (ρ, η)-tangent application of
the Legendre bundle morphism associated to the Lagrangian L.
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Using the B-morphism (ϕH , IdM ), we build the B
v-morphism ((ρ, η)TϕH , ϕH)
given by the diagram
(4.6)′
(ρ, η)T
∗
E
(ρ,η)TϕH
−−−−−−−−−−→ (ρ, η)TE
(ρ, η) τ ∗
E
↓ ↓ (ρ, η) τE
E∗
ϕH
−−−−−−−−−→ E,
such that
(4.7)′
Γ ((ρ, η)TϕL, ϕL)
(
Zα
∗
∂˜α
)
= (Zα ◦ ϕL) ∂˜α +
[(
ρiα◦h◦
∗
pi
)
ZαHbi
]
◦ ϕL
·
∂˜b,
Γ ((ρ, η)TϕL, ϕL)
(
Ya
·
∂˜
a
)
=
(
YaH
ab
)
◦ ϕL
·
∂˜b,
for any Zα
∗
∂˜α + Ya
·
∂˜
a
∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
The Bv-morphism ((ρ, η)TϕH , ϕH) will be called the (ρ, η)-tangent application of
the Legendre bundle morphism associated to the Hamiltonian H.
Theorem 4.1 If the Bv-morphism ((ρ, η)TϕL, ϕL) is morphism of Lie algebroids,
then we obtain:
(4.8)
(
L
γ
αβ ◦ h ◦ pi
)
◦ ϕH = L
γ
αβ ◦ h ◦
∗
pi,
(4.9)
[(Lγαβρ
k
γ)◦h◦pi·Lkb]◦ϕH =ρiα◦h◦
∗
pi· ∂
∂xi
[(ρjβ◦h◦pi·Ljb)◦ϕH ]
−ρj
β
◦h◦
∗
pi· ∂
∂xj
[(ρiα◦h◦pi·Lib)◦ϕH ]
+(ρiα◦h◦pi·Lia)◦ϕH · ∂∂pa [(ρ
j
β
◦h◦pi·Ljb)◦ϕH]
−(ρjβ◦h◦pi·Lja)◦ϕH ·
∂
∂pa
[(ρiα◦h◦pi·Lib)◦ϕH],
(4.10)
0 = ρiα◦h◦
∗
pi · ∂
∂xi
(Lba ◦ ϕH)
+
(
ρiα◦h◦pi · Lbc
)
◦ ϕH
∂
∂pc
(Lba ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
[(
ρiα◦h◦pi · Lia
)
◦ ϕH
]
and
(4.11)
0 = Lac ◦ ϕH ·
∂
∂pc
(Lbd ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
(Lad ◦ ϕH) .
Proof. Developing the following equalities
Γ ((ρ, η)TϕL, ϕL)
[
∂˜α, ∂˜β
]
(ρ,η)TE
=
[
Γ ((ρ, η)TϕL, ϕL) ∂˜α,Γ ((ρ, η)TϕL, ϕL) ∂˜β
]
(ρ,η)T
∗
E
,
Γ ((ρ, η)TϕL, ϕL)
[
∂˜α,
·
∂˜b
]
(ρ,η)TE
=
[
Γ ((ρ, η)TϕL, ϕL) ∂˜α,Γ ((ρ, η)TϕL, ϕL)
·
∂˜b
]
(ρ,η)T
∗
E
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and
Γ ((ρ, η)TϕL, ϕL)
[ ·
∂˜a,
·
∂˜b
]
(ρ,η)TE
=
[
Γ ((ρ, η)TϕL, ϕL)
·
∂˜a,Γ ((ρ, η)TϕL, ϕL)
·
∂˜b
]
(ρ,η)T
∗
E
it results the conclusion of the theorem. q.e.d.
Corollary 4.1 In particular case of Lie algebroids, (η, h) = (IdM , IdM ), we obtain:
(4.8)′
(
L
γ
αβ ◦ pi
)
◦ ϕH = L
γ
αβ ◦
∗
pi,
(4.9)′
[(Lγαβρ
k
γ)◦pi·Lkb]◦ϕH =ρiα◦
∗
pi· ∂
∂xi
[(ρjβ◦pi·Ljb)◦ϕH ]
−ρjβ◦
∗
pi· ∂
∂xj
[(ρiα◦pi·Lib)◦ϕH ]
+(ρiα◦pi·Lia)◦ϕH · ∂∂pa [(ρ
j
β◦pi·Ljb)◦ϕH]
−(ρjβ◦pi·Lja)◦ϕH ·
∂
∂pa
[(ρiα◦pi·Lib)◦ϕH],
(4.10)′
0 = ρiα◦
∗
pi · ∂
∂xi
(Lba ◦ ϕH)
+
(
ρiα◦pi · Lbc
)
◦ ϕH
∂
∂pc
(Lba ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
[(
ρiα◦pi · Lia
)
◦ ϕH
]
and
(4.11)′
0 = Lac ◦ ϕH ·
∂
∂pc
(Lbd ◦ ϕH)
−Lbc ◦ ϕH ·
∂
∂pc
(Lad ◦ ϕH) .
In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain:
(4.9)′′
0 = ∂
∂xi
(
∂2L
∂xj∂yk
◦ ϕH
)
− ∂
∂xj
(
∂2L
∂xi∂yk
◦ ϕH
)
+ ∂
2L
∂xi∂yh
◦ ϕH ·
∂
∂ph
(
∂2L
∂xj∂yk
◦ ϕH
)
− ∂
2L
∂xj∂yh
◦ ϕH ·
∂
∂ph
(
∂2L
∂xi∂yk
◦ ϕH
)
(4.10)′′
0 = ∂
∂xi
(
∂2L
∂yj∂yk
◦ ϕH
)
+ ∂
2L
∂xi∂yh
◦ ϕH ·
∂
∂ph
(
∂2L
∂yj∂yk
◦ ϕH
)
− ∂
2L
∂xj∂yh
◦ ϕH ·
∂
∂ph
(
∂2L
∂xi∂yk
◦ ϕH
)
and
(4.11)′′
0 = ∂
2L
∂yi∂yh
◦ ϕH ·
∂
∂ph
(
∂2L
∂yj∂yk
◦ ϕH
)
− ∂
2L
∂yj∂yh
◦ ϕH ·
∂
∂ph
(
∂2L
∂yi∂yk
◦ ϕH
)
.
Theorem 4.2 Dual, if the Bv-morphism ((ρ, η)TϕH , ϕH) is morphism of Lie al-
gebroids, then we obtain:
(4.12)
(
L
γ
αβ ◦ h ◦
∗
pi
)
◦ ϕL = L
γ
αβ ◦ h ◦ pi,
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(4.13)
[
(Lγαβρ
k
γ)◦h◦
∗
pi·Hbk
]
◦ϕL =ρ
i
α◦h◦pi·
∂
∂xi
[(
ρ
j
β◦h◦
∗
pi·Hbj
)
◦ϕL
]
−ρj
β
◦h◦pi· ∂
∂xj
[(
ρiα◦h◦
∗
pi·Hbi
)
◦ϕL
]
+
(
ρiα◦h◦
∗
pi·Hci
)
◦ϕL·
∂
∂yc
[(
ρ
j
β
◦h◦
∗
pi·Hbj
)
◦ϕL
]
−
(
ρ
j
β
◦h◦
∗
pi·Hcj
)
◦ϕL·
∂
∂yc
[(
ρiα◦h◦
∗
pi·Hbi
)
◦ϕL
]
,
(4.14)
0 = ρiα◦h◦pi ·
∂
∂xi
(
Hba ◦ ϕL
)
+
(
ρiα◦h◦
∗
pi ·Hbc
)
◦ ϕL
∂
∂yc
(
Hba ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
[(
ρiα◦h◦
∗
pi ·Hai
)
◦ ϕL
]
and
(4.15)
0 = Hac ◦ ϕL ·
∂
∂yc
(
Hbd ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
(
Had ◦ ϕL
)
.
Proof. Developing the following equalities
Γ ((ρ, η)TϕH , ϕH)
[∗
∂˜α,
∗
∂˜β
]
(ρ,η)T
∗
E
=
[
Γ ((ρ, η)TϕH , ϕH)
∗
∂˜α,Γ ((ρ, η)TϕH , ϕH)
∗
∂˜β
]
(ρ,η)TE
,
Γ ((ρ, η)TϕH , ϕH)
[
∗
∂˜α,
·
∂˜
b
]
(ρ,η)T
∗
E
=
[
Γ ((ρ, η)TϕH , ϕH)
∗
∂˜α,Γ ((ρ, η)TϕH , ϕH)
·
∂˜
b
]
(ρ,η)TE
and
Γ ((ρ, η)TϕH , ϕH)
[
·
∂˜
a
,
·
∂˜
b
]
(ρ,η)T
∗
E
=
[
Γ ((ρ, η)TϕH , ϕH)
·
∂˜
a
,Γ ((ρ, η)TϕH , ϕH)
·
∂˜
b
]
(ρ,η)TE
it results the conclusion of the theorem. q.e.d.
Corollary 4.2 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain:
(4.12)′
(
L
γ
αβ ◦
∗
pi
)
◦ ϕL = L
γ
αβ ◦ pi,
(4.13)′
[
(Lγαβρ
k
γ)◦
∗
pi·Hbk
]
◦ϕL =ρ
i
α◦pi·
∂
∂xi
[(
ρ
j
β◦
∗
pi·Hbj
)
◦ϕL
]
−ρjβ◦pi·
∂
∂xj
[(
ρiα◦
∗
pi·Hbi
)
◦ϕL
]
+
(
ρiα◦
∗
pi·Hci
)
◦ϕL·
∂
∂yc
[(
ρ
j
β
◦
∗
pi·Hbj
)
◦ϕL
]
−
(
ρ
j
β
◦
∗
pi·Hcj
)
◦ϕL·
∂
∂yc
[(
ρiα◦
∗
pi·Hbi
)
◦ϕL
]
,
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(4.14)′
0 = ρiα◦pi ·
∂
∂xi
(
Hba ◦ ϕL
)
+
(
ρiα◦
∗
pi ·Hbc
)
◦ ϕL
∂
∂yc
(
Hba ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
[(
ρiα◦
∗
pi ·Hai
)
◦ ϕL
]
and
(4.15)′
0 = Hac ◦ ϕL ·
∂
∂yc
(
Hbd ◦ ϕL
)
−Hbc ◦ ϕL ·
∂
∂yc
(
Had ◦ ϕL
)
.
In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain:
(4.13)′′
0 = ∂
∂xi
(
∂2H
∂xk∂pj
◦ ϕL
)
− ∂
∂xk
(
∂2H
∂xi∂pj
◦ ϕL
)
+ ∂
2H
∂xi∂ph
◦ ϕL ·
∂
∂yh
(
∂2H
∂xk∂pj
◦ ϕL
)
− ∂
2H
∂xk∂ph
◦ ϕL ·
∂
∂yh
((
∂2H
∂xi∂pj
◦ ϕL
)
◦ ϕL
)
(4.14)′′
0 = ∂
∂xk
(
∂2H
∂pi∂pj
◦ ϕL
)
+ ∂
2H
∂pi∂ph
◦ ϕL ·
∂
∂yh
(
∂2H
∂xk∂pj
◦ ϕL
)
− ∂
2H
∂pj∂ph
◦ ϕL ·
∂
∂yh
(
∂2H
∂xk∂pi
◦ ϕL
)
and
(4.15)′′
0 = ∂
2H
∂pi∂pk
◦ ϕL ·
∂
∂yk
(
∂2H
∂pj∂ph
◦ ϕL
)
− ∂
2H
∂pj∂pk
◦ ϕL ·
∂
∂yk
(
∂2H
∂pi∂ph
◦ ϕL
)
.
Definition 4.1 If ((ρ, η)TϕL, ϕL) and ((ρ, η)TϕH , ϕH) are Lie algebroids mor-
phisms, then we will say that (E, pi,M) and
(
∗
E,
∗
pi,M
)
are Legendre (ρ, η, h)-equivalent
and we will write
(E, pi,M)
L
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
.
5 Duality between adapted (ρ, η)-basis
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, pi,M) , then
(5.1)
(
∂˜α − (ρ, η) Γ
a
α
·
∂˜a,
·
∂˜a
)
=
(
δ˜α,
·
∂˜a
)
.
is the adapted (ρ, η)-base of (Γ ((ρ, η)TE, (ρ, η) τE , E) ,+, ·). (see [1, 4])
If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
, then
(5.1)′
(
∗
∂˜α + (ρ, η) Γbα
·
∂˜
b
,
·
∂˜
a
)
=
(
∗
δ˜α,
·
∂˜
a
)
.
is the adapted (ρ, η)-base of
(
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·
)
. (see [1, 5])
Definition 5.1 If
(E, pi,M)
L
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
.
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and
Γ ((ρ, η)TϕL, ϕL)
(
δ˜α
)
=
∗
δ˜α,
Γ ((ρ, η)TϕH , ϕH)
(∗
δ˜α
)
= δ˜α,
then we will say that (E, pi,M) and
(
∗
E,
∗
pi,M
)
are horizontal Legendre (ρ, η, h)-equivalent
and we will write
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
.
Theorem 5.1 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then we obtain:
(5.2) (ρ, η) Γbα =
[(
ρiα◦h◦pi
)
· Lib − (ρ, η) Γ
a
α · Lab
]
◦ ϕH
and
(5.3) − (ρ, η) Γaα =
[(
ρiα◦h◦
∗
pi
)
·Hai + (ρ, η) Γbα ·H
ba
]
◦ ϕL.
Corollary 5.1 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain
(5.2)′ ρΓbα =
[(
ρiα◦pi
)
· Lib − ρΓ
a
α · Lab
]
◦ ϕH
and
(5.3)′ −ρΓaα =
[(
ρiα◦
∗
pi
)
·Hai + ρΓbα ·H
ba
]
◦ ϕL.
In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain the equality implies
the equality
(5.2)′′ Γjk =
[
∂2L
∂xi∂yj
− Γik
∂2L
∂yi∂yj
]
◦ ϕH
and
(5.3)′′ −Γik =
[
∂2H
∂xk∂pi
+ Γjk
∂2H
∂pj∂pi
]
◦ ϕL.
If the Lagrangian L is regular, then we will define the real local functions L˜ab such
that ∥∥∥L˜ab (ux)∥∥∥ = ‖Lab (ux)‖−1 , ∀ux ∈ pi−1 (U) .
If the Hamiltonian H is regular, then we will define the real local functions H˜ab such
that ∥∥∥H˜ab (∗ux)∥∥∥ = ∥∥∥Hab (∗ux)∥∥∥−1 , ∀∗ux ∈ ∗pi−1 (U) .
Remark 5.1 If the Lagrangian L is regular and
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
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then, the Hamiltonian H is regular,
(5.4) H˜ab = Lab ◦ ϕH .
and
(5.5)
[(
ρiα◦h◦pi
)
· Lia
]
◦ ϕH = −
(
ρiα◦h◦
∗
pi
)
·Hbi · H˜ba.
It is known that the following equalities hold good
(5.6)
[
δ˜α, δ˜β
]
(ρ,η)TE
=
(
L
γ
αβ ◦ h ◦ pi
)
δ˜γ + (ρ, η, h)R
a
αβ
·
∂˜a,
and
(5.6)′
[∗
δ˜α,
∗
δ˜β
]
(ρ,η)T
∗
E
=
(
L
γ
αβ ◦ h ◦
∗
pi
) ∗
δ˜γ + (ρ, η, h)Rb αβ
·
∂˜
b
,
Theorem 5.2 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
then, we obtain:
(5.7) (ρ, η, h)Rb αβ =
[
(ρ, η, h)Ra αβ · Lab
]
◦ ϕH
and
(5.8) (ρ, η, h)Ra αβ =
[
(ρ, η, h)Rb αβ ·H
ba
]
◦ ϕL.
Corollary 5.2 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain
(5.7)′ ρRb αβ =
(
ρRa αβLab
)
◦ ϕH
and
(5.8)′ ρRa αβ =
(
ρRb αβH
ba
)
◦ ϕL.
In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain
(5.7)′′ Rj hk =
(
Ri hk ·
∂2L
∂yi∂yj
)
◦ ϕH
and
(5.8)′′ Ri hk =
(
Rj hk ·
∂2H
∂pj∂pi
)
◦ ϕL.
Theorem 5.3 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
,
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then we obtain
(5.9)
(
∂(ρ,η)Γaα
∂yb
· Lac
)
◦ ϕH = Lba ◦ ϕH ·
∂(ρ,η)Γcα
∂pa
+
(
ρiα◦h◦
∗
pi
)
· ∂
∂xi
(Lbc ◦ ϕH)
+ (ρ, η) Γaα ·
∂
∂pa
(Lbc ◦ ϕH)
and
(5.10)
−
(
∂(ρ,η)Γbα
∂pa
·Hbc
)
◦ ϕL = H
ba ◦ ϕL ·
∂(ρ,η)Γcα
∂ya
+
(
ρiα◦h◦pi
)
· ∂
∂xi
(
Hbc ◦ ϕL
)
+(ρ, η) Γaα ·
∂
∂ya
(
Hbc ◦ ϕL
)
Proof. Developing the following equalities
Γ ((ρ, η)TϕL, ϕL)
([
δ˜α,
·
∂˜a
]
(ρ,η)TE
)
=
[
Γ ((ρ, η)TϕL, ϕL) δ˜α,Γ ((ρ, η)TϕL, ϕL)
·
∂˜a
]
(ρ,η)T
∗
E
and
Γ ((ρ, η)TϕH , ϕH)


[
∗
δ˜α,
·
∂˜
a
]
(ρ,η)T
∗
E


=
[
Γ ((ρ, η)TϕH , ϕH)
∗
δ˜α,Γ ((ρ, η)TϕH , ϕH)
·
∂˜a
]
(ρ,η)TE
it results the conclusion of the theorem. q.e.d.
Corollary 5.2 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain
(5.9)′
(
∂ρΓaα
∂yb
· Lac
)
◦ ϕH = Lba ◦ ϕH ·
∂ρΓcα
∂pa
+
(
ρiα◦
∗
pi
)
· ∂
∂xi
(Lbc ◦ ϕH)
+ρΓaα ·
∂
∂pa
(Lbc ◦ ϕH)
and
(5.10)′
−
(
∂ρΓbα
∂pa
·Hbc
)
◦ ϕL = H
ba ◦ ϕL ·
∂ρΓcα
∂ya
+
(
ρiα◦pi
)
· ∂
∂xi
(
Hbc ◦ ϕL
)
+ρΓaα ·
∂
∂ya
(
Hbc ◦ ϕL
)
In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain
(5.9)′′
(
∂Γik
∂yj
· ∂
2L
∂yi∂yh
)
◦ ϕH =
∂2L
∂yj∂yi
◦ ϕH ·
∂ρΓhk
∂pi
+ ∂
∂xk
(
∂2L
∂yj∂yh
◦ ϕH
)
+Γik ·
∂
∂pi
(
∂2L
∂yj∂yh
◦ ϕH
)
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and
(5.10)′′
−
(
∂Γjk
∂pi
· ∂
2H
∂pj∂ph
)
◦ ϕL =
∂2H
∂pi∂pe
◦ ϕL ·
∂ρΓhk
∂ye
+ ∂
∂xk
(
∂2H
∂pj∂ph
◦ ϕL
)
+Γik ·
∂
∂yi
(
∂2H
∂pj∂ph
◦ ϕL
)
The dual natural (ρ, η)-base of the natural (ρ, η)-base
(
∂˜α,
·
∂˜a
)
is denoted (dz˜α, dy˜a)
and the dual adapted (ρ, η)-base of the adapted (ρ, η)-base
(
δ˜α,
·
∂˜a
)
is denoted
(5.11) (dz˜α, δy˜a)
put
= (dz˜α, (ρ, η) Γaα · dz˜
α + dy˜a) .
The dual natural (ρ, η)-base of the natural (ρ, η)-base
(
∗
∂˜α,
·
∂˜
a
)
is denoted (dz˜α, dp˜a)
and the dual adapted (ρ, η)-base of the adapted (ρ, η)-base
(∗
δ˜α,
·
∂˜a
)
is denoted
(5.11)′ (dz˜α, δp˜a)
put
= (dz˜α,− (ρ, η) Γaα · dz˜
α + dp˜a) .
Let
(Λ ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,∧)
be exterior differential F (E)-algebra of the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE, E)
and let (
Λ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·,∧
)
.
be exterior differential F
(
∗
E
)
-algebra of the generalized tangent bundle
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Using the Bv-morphism (4.6) given by the equalities (4.7), we obtain the application
Λ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
((ρ,η)TϕL,ϕL)
∗
−−−−−−−−−−−−−−→ Λ ((ρ, η)TE, (ρ, η) τE , E)
Λq
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
∋ ω 7−→ ((ρ, η)TϕL, ϕL)
∗ (ω)
where
((ρ, η)TϕL, ϕL)
∗ (ω) (X1, ...,Xq) = ω (Γ ((ρ, η)TϕL, ϕL)X1, ...,Γ ((ρ, η)TϕL, ϕL)Xq)◦ϕL,
for any X1, ...,Xq ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) .
Using the Bv-morphism (4.6)′ given by the equalities (4.7)′, we obtain the applica-
tion
Λ ((ρ, η)TE, (ρ, η) τE , E)
((ρ,η)TϕH ,ϕH )
∗
−−−−−−−−−−−−−−→ Λ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Λq ((ρ, η)TE, (ρ, η) τE , E) ∋ ω 7−→ ((ρ, η)TϕH , ϕH)
∗ (ω)
where
((ρ, η)TϕH , ϕH)
∗ (ω) (X1, ...,Xq) = ω (Γ ((ρ, η)TϕH , ϕH)X1, ...,Γ ((ρ, η)TϕH , ϕH)Xq)◦ϕH ,
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for any X1, ...,Xq ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Theorem 5.4 The equality
Γ ((ρ, η)TϕL, ϕL)
(
δ˜α
)
=
∗
δ˜α
is equivalent with the equality:
(5.12) ((ρ, η)TϕL, ϕL)
∗ (δp˜a) = Lab · δy˜
b.
Dual, the equality
Γ ((ρ, η)TϕH , ϕH)
(∗
δ˜α
)
= δ˜α,
is equivalent with the equality:
(5.12)′ Γ ((ρ, η)TϕH , ϕH)
∗ (δy˜a) = Hab · δp˜b
6 Duality between distinguished linear (ρ, η)-connections
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, pi,M) and let
(6.1) (X,T )
(ρ,η)D
−−−−→ (ρ, η)DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle
((ρ, η)TE, (ρ, η) τE, E)
which preserves the horizontal and vertical IDS by parallelism.
If (U, sU) is a vector local (m+ r)-chart for (E, pi,M) , then the real local functions(
(ρ, η)Hαβγ , (ρ, η)H
a
bγ , (ρ, η)V
α
βc, (ρ, η)V
a
bc
)
defined on pi−1 (U) and determined by the following equalities:
(6.2)
(ρ, η)D
δ˜γ
δ˜β = (ρ, η)H
α
βγ δ˜α, (ρ, η)Dδ˜γ
·
∂˜b = (ρ, η)H
a
bγ
·
∂˜a
(ρ, η)D ·
∂˜c
δ˜β = (ρ, η)V
α
βc
δ˜α, (ρ, η)D ·
∂˜c
·
∂˜b = (ρ, η)V
a
bc
·
∂˜a
are the components of a distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle
(
∗
E,
∗
pi,M
)
and let
(6.1)′ (X,T )
(ρ,η)
∗
D
−−−−→ (ρ, η)
∗
DXT
be a covariant (ρ, η)-derivative for the tensor algebra of generalized tangent bundle(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
which preserves the horizontal and vertical IDS by parallelism.
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If
(
U,
∗
sU
)
is a vector local (m+ r)-chart for
(
∗
E,
∗
pi,M
)
, then the real local functions
(
(ρ, η)
∗
H
α
βγ , (ρ, η)
∗
H
a
bγ , (ρ, η)
∗
V
αc
β , (ρ, η)
∗
V
ac
b
)
defined on
∗
pi
−1
(U) and determined by the following equalities:
(6.2)′
(ρ, η)
∗
D∗
δ˜γ
∗
δ˜β = (ρ, η)
∗
H
α
βγ
∗
δ˜α, (ρ, η)
∗
D∗
δ˜γ
·
∂˜
a
= (ρ, η)
∗
H
a
bγ
·
∂˜
b
(ρ, η)
∗
D ·
∂˜
c
∗
δ˜β = (ρ, η)
∗
V
αc
β
∗
δ˜α, (ρ, η)
∗
D ·
∂˜
c
·
∂˜
b
= (ρ, η)
∗
V
bc
a
·
∂˜
a
are the components of a distinguished linear (ρ, η)-connection(
(ρ, η)
∗
H, (ρ, η)
∗
V
)
.
Theorem 6.1 If
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
and
Γ ((ρ, η)TϕL, ϕL) ((ρ, η)DXY ) = (ρ, η)
∗
DΓ((ρ,η)TϕL,ϕL)XΓ ((ρ, η)TϕL, ϕL)Y,
for any X,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E), then we obtain:
(6.3) (ρ, η)Hαβγ ◦ ϕH = (ρ, η)
∗
H
α
βγ ,
(6.4)
(
(ρ, η)Habγ · Lac
)
◦ ϕH =
(
ρkγ◦h◦
∗
pi
)
· ∂
∂xk
(Lbc ◦ ϕH)
+ (ρ, η) Γbγ ·
∂
∂pb
(Lbc ◦ ϕH)
− (ρ, η)
∗
H
a
bγ · (Lac ◦ ϕH) ,
(6.5) (ρ, η)V αβd ◦ ϕH = (ρ, η)
∗
V
αc
β · (Lcd ◦ ϕH)
and
(6.6)
((ρ, η)V abc · Lad) ◦ ϕH = (Lce ◦ ϕH) ·
∂
∂pe
(Lbd ◦ ϕH)
− (Lce ◦ ϕH) · (ρ, η)
∗
V
ef
d · (Lbf ◦ ϕH) .
Corollary 6.1 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain
(6.3)′ ρHαβγ ◦ ϕH = ρ
∗
H
α
βγ ,
(6.4)′
(
ρHabγ · Lac
)
◦ ϕH =
(
ρkγ◦
∗
pi
)
· ∂
∂xk
(Lbc ◦ ϕH)
+ρΓbγ ·
∂
∂pb
(Lbc ◦ ϕH)
−ρ
∗
H
a
bγ · (Lac ◦ ϕH) ,
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(6.5)′ ρV αβd ◦ ϕH = ρ
∗
V
αc
β · (Lcd ◦ ϕH)
and
(6.6)′
(ρV abc · Lad) ◦ ϕH = (Lce ◦ ϕH) ·
∂
∂pe
(Lbd ◦ ϕH)
− (Lce ◦ ϕH) · ρ
∗
V
ef
d · (Lbf ◦ ϕH) .
In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain
(6.3)′′ H ijk ◦ ϕH =
∗
H
i
jk,
(6.4)′′
(
H ijk ·
∂2L
∂yi∂yh
)
◦ ϕH =
∂
∂xk
(
∂2L
∂yj∂yh
◦ ϕH
)
+Γjk ·
∂
∂pe
(
∂2L
∂ye∂yh
◦ ϕH
)
−
∗
H
i
jk ·
(
∂2L
∂yi∂yh
◦ ϕH
)
,
(6.5)′′ V ijk ◦ ϕH = ρ
∗
V
ih
j ·
(
∂2L
∂yh∂yk
◦ ϕH
)
and
(6.6)′′
(
V ijk ·
∂2L
∂yi∂yh
)
◦ ϕH =
(
∂2L
∂yk∂ye
◦ ϕH
)
· ∂
∂pe
(
∂2L
∂yj∂yh
◦ ϕH
)
−
(
∂2L
∂yk∂ye
◦ ϕH
)
· ρ
∗
V
ef
h ·
(
∂2L
∂yj∂yf
◦ ϕH
)
.
Theorem 6.2 Dual, if
(E, pi,M)
HL
(˜ρ,η,h)
(
∗
E,
∗
pi,M
)
and
Γ ((ρ, η)TϕH , ϕH)
(
(ρ, η)
∗
DXY
)
= (ρ, η)DΓ((ρ,η)TϕH ,ϕH )XΓ ((ρ, η)TϕH , ϕH)Y,
for any X,Y ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
, then we obtain
(6.7) (ρ, η)
∗
H
α
βγ ◦ ϕL = (ρ, η)H
α
βγ ,
(6.8)
(
(ρ, η)
∗
H
a
bγ ·H
bc
)
◦ ϕL =
(
ρkγ◦h◦pi
)
· ∂
∂xk
(Hac ◦ ϕL)
+ (ρ, η) Γbγ ·
∂
∂yb
(Hac ◦ ϕL)
− (ρ, η)Habγ ·
(
Hbc ◦ ϕL
)
,
(6.9) (ρ, η)
∗
V
αc
β ◦ ϕL = (ρ, η)V
α
βc ·
(
Hcd ◦ ϕL
)
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and
(6.10)
(
(ρ, η)
∗
V
bc
a ·H
ad
)
◦ ϕL = (H
ce ◦ ϕH) ·
∂
∂ye
(
Hbd ◦ ϕL
)
− (Hce ◦ ϕL) · (ρ, η)V
d
ef ·
(
Hbf ◦ ϕL
)
.
Corollary 6.1 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain
(6.7)′ ρ
∗
H
α
βγ ◦ ϕL = ρH
α
βγ ,
(6.8)′
(
ρ
∗
H
a
bγ ·H
bc
)
◦ ϕL =
(
ρkγ◦pi
)
· ∂
∂xk
(Hac ◦ ϕL)
+ρΓbγ ·
∂
∂yb
(Hac ◦ ϕL)
−ρHabγ ·
(
Hbc ◦ ϕL
)
,
(6.9)′ ρ
∗
V
αc
β ◦ ϕL = ρV
α
βc ·
(
Hcd ◦ ϕL
)
and
(6.10)′
(
ρ
∗
V
bc
a ·H
ad
)
◦ ϕL = (H
ce ◦ ϕH) ·
∂
∂ye
(
Hbd ◦ ϕL
)
− (Hce ◦ ϕL) · (ρ, η)V
d
ef ·
(
Hbf ◦ ϕL
)
.
In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain
(6.7)′
∗
H
i
jk ◦ ϕL = H
i
jk,
(6.8)′
(
∗
H
i
jk ·
∂2H
∂pj∂ph
)
◦ ϕL =
∂
∂xk
(
∂2H
∂pi∂ph
◦ ϕL
)
+Γek ·
∂
∂ye
(
∂2H
∂pi∂ph
◦ ϕL
)
−ρH ijk ·
(
∂2H
∂pj∂ph
◦ ϕL
)
,
(6.9)′
∗
V
ik
j ◦ ϕL = ρV
i
jh ·
(
∂2H
∂ph∂pk
◦ ϕL
)
and
(6.10)′
(
ρ
∗
V
jk
i ·
∂2H
∂pi∂ph
)
◦ ϕL =
(
∂2H
∂pk∂pe
◦ ϕH
)
· ∂
∂ye
(
∂2H
∂pj∂ph
◦ ϕL
)
−
(
∂2H
∂pk∂pe
◦ ϕL
)
· V hef ·
(
∂2H
∂pj∂pf
◦ ϕL
)
.
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7 Duality between mechanical (ρ, η)-systems
Let ((E, pi,M) , Fe, (ρ, η)Γ) be a mechanical (ρ, η)-system.
If g ∈Man (E,E) such that (g, h) is a Bv-morphism locally invertible of (E, pi,M)
source and (E, pi,M) target, on components gab , then the Mod-endomorphism
(7.1)
Γ ((ρ, η)TE, (ρ, η) τE, E)
J(g,h)
−−−→ Γ ((ρ, η)TE, (ρ, η) τE, E)
Z˜a∂˜a + Y
b
·
∂˜b 7−→
(
g˜ba ◦ h ◦ pi
)
Z˜a
·
∂˜b
is the almost tangent structure associated to the Bv-morphism (g, h).
The vertical section
(7.2) C=ya
·
∂˜a
is the Liouville section.
Let
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η)Γ
)
be a dual mechanical (ρ, η)-system.
If g ∈ Man
(
∗
E,E
)
be such that (g, h) is a Bv-morphism locally invertible of(
∗
E,
∗
pi,M
)
source and (E, pi,M) target, on components gab, then theMod-endomorphism
(7.1)′
Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
) ∗
J (g,h)
−−−−→ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
Z˜a
∗
∂˜a + Yb
·
∂˜
b
7−→
(
g˜ba ◦ h ◦
∗
pi
)
Z˜a
·
∂˜
b
is the almost tangent structure associated to the Bv-morphism (g, h).
The vertical section
(7.2)′ ∗C=pb
·
∂˜
b
is the Liouville section.
Let
(7.3) S = yb (gab ◦ h ◦ pi) ∂˜a − 2
(
Ga − 14F
a
) ·
∂˜a
be the (ρ, η)-semispray associated to mechanical (ρ, η)-system ((E, pi,M) , Fe, (ρ, η) Γ)
and from locally invertible Bv-morphism (g, h) and let
(7.3)′
∗
S = pb
(
gab ◦ h ◦
∗
pi
) ∗
∂˜a − 2
(
Ga −
1
4Fa
) ·
∂˜
a
be the (ρ, η)-semispray associated to the mechanical (ρ, η)-system
((
∗
E,
∗
pi,M
)
,
∗
F e, (ρ, η) Γ
)
and from locally invertible Bv-morphism (g, h) .
Theorem 7.1 If Γ ((ρ, η)TϕL, ϕL) (S) =
∗
S, then we obtain:
(7.4) yb (gab ◦ h ◦ pi) ◦ ϕH = pb
(
gab ◦ h ◦
∗
pi
)
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and
(7.5)
2
(
Gb −
1
4Fb
)
= 2
[(
Ga − 14F
a
)
Lab
]
◦ ϕH
−yc
{[(
gac ρ
i
a
)
◦ h ◦ pi
]
Lib
}
◦ ϕH .
Corollary 7.1 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain
(7.4)′
2
(
Gb −
1
4Fb
)
= 2
[(
Ga − 14F
a
)
Lab
]
◦ ϕH
−yc
{[(
gac ρ
i
a
)
◦ pi
]
Lib
}
◦ ϕH .
In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain the equality implies
the equality
(7.5)′′
2
(
Gi −
1
4Fi
)
= 2
[(
Gi − 14F
i
)
∂2L
∂yi∂yj
]
◦ ϕH
−yi ∂
2L
∂xi∂yj
◦ ϕH .
Theorem 7.2 Dual, if Γ ((ρ, η)TϕH , ϕH)
(
∗
S
)
= S, then we obtain:
(7.6) pb
(
gba ◦ h ◦
∗
pi
)
◦ ϕL = y
b (gab ◦ h ◦ pi)
and
(7.7)
2
(
Ga − 14F
a
)
= 2
[(
Gb −
1
4Fb
)
Hab
]
◦ ϕL
−pc
{[(
gacρia
)
◦ h ◦
∗
pi
]
Hbi
}
◦ ϕL.
Corollary 7.2 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain
(7.7)′
2
(
Ga − 14F
a
)
= 2
[(
Gb −
1
4Fb
)
Hab
]
◦ ϕL
−pc
{[(
gacρia
)
◦
∗
pi
]
Hbi
}
◦ ϕL.
8 Duality between Lagrange and Hamilton mechanical (ρ, η)-
systems
Let ((E, pi,M) , Fe, L) be an arbitrarily Lagrange mechanical (ρ, η)-system.
Let d(ρ,η)TE be the exterior differentiation operator associated to the exterior differ-
ential F (E)-algebra
(Λ ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,∧)
and let (g, h) be a locally invertible Bv-morphism of (E, pi,M) source and (E, pi,M)
target.
Let
((
∗
E,
∗
pi,M
)
,
∗
F e,H
)
be an Hamilton mechanical (ρ, η)-system, where the reg-
ular Hamiltonian H is the Legendre transformation of the regular Lagrangian L.
Let d(ρ,η)T
∗
E be the exterior differentiation operator associated to the exterior differ-
ential F
(
∗
E
)
-algebra
(
Λ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
,+, ·,∧
)
.
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and let (g, h) be a locally invertible Bv-morphism of
(
∗
E,
∗
pi,M
)
source and (E, pi,M)
target.
The 1-form
(8.1) θL = (g˜
e
a ◦ h ◦ pi · Le) dz˜
a
is called the 1-form of Poincare´-Cartan type associated to the Lagrangian L and to the
locally invertible Bv-morphism (g, h). We obtain easily:
(8.2) θL
(
∂˜a
)
= (g˜eb ◦ h ◦ pi)Le, θL
( ·
∂˜b
)
= 0.
The 1-form
(8.1)′ θH =
(
g˜ae ◦ h ◦
∗
pi
)
Hedz˜a
will be called the 1-form of Poincare´-Cartan type associated to the regular Hamiltonian
H and from locally invertible Bv-morphism (g, h). We obtain easily:
(8.2)′ θH
(∗
∂˜b
)
=
(
g˜be ◦ h ◦
∗
pi
)
He, θH
(
·
∂˜
b
)
= 0.
Theorem 8.1 If ((ρ, η)TϕL, ϕL)
∗ (θL) = θH , then
(8.3)
(
g˜ae ◦ h ◦
∗
pi
)
He ◦ ϕL = (g˜
e
b ◦ h ◦ pi)Le
Dual, if ((ρ, η)TϕH , ϕH)
∗ (θH) = θL, then
(8.3)′ (g˜eb ◦ h ◦ pi)Le ◦ ϕH =
(
g˜ae ◦ h ◦
∗
pi
)
He.
The 2-form
(8.4) ωL = d
(ρ,η)TEθL
is called the 2-form of Poincare´-Cartan type associated to the Lagrangian L and to the
locally invertible Bv-morphism (g, h). By the definition of d(ρ,η)TE , we obtain:
(8.5)
ωL (U, V ) = Γ (ρ˜, IdE) (U) (θL (V ))
−Γ (ρ˜, IdE) (V ) (θL (U))− θL
(
[U, V ](ρ,η)TE
)
,
for any U, V ∈ Γ ((ρ, η)TE, (ρ, η) τE , E).
The 2-form
(8.4)′ ωH = d
(ρ,η)T
∗
EθH
will be called the 2-form of Poincare´-Cartan type associated to the Hamiltonian H and
to the locally invertible Bv-morphism (g, h). By the definition of d(ρ,η)T
∗
E, we obtain:
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(8.5)′
ωH (U, V ) = Γ
(
∗
ρ˜, Id ∗
E
)
(U) (θH (V ))
−Γ
(
∗
ρ˜, Id ∗
E
)
(V ) (θH (U))− θH
(
[U, V ]
(ρ,η)T
∗
E
)
,
for any U, V ∈ Γ
(
(ρ, η)T
∗
E, (ρ, η) τ ∗
E
,
∗
E
)
.
Theorem 8.2 If ((ρ, η)TϕL, ϕL)
∗ (ωL) = ωH , then
(8.6)
[(
ρia ◦ h ◦
∗
pi
) ∂((g˜be◦h◦∗pi)He)
∂xi
]
◦ ϕL −
[(
ρ
j
b ◦ h ◦
∗
pi
) ∂((g˜ae◦h◦∗pi)He)
∂xj
]
◦ ϕL
[(
Lcab ◦ h ◦
∗
pi
)(
g˜ce ◦ h ◦
∗
pi
)
He
]
◦ ϕL −
[((
ρ
j
b ◦ h ◦
∗
pi
)
Ljd ◦ ϕH
) ∂((g˜be◦h◦∗pi)He)
∂pd
]
◦ ϕL
−
[((
ρia ◦ h ◦
∗
pi
)
Lid
)
◦ ϕH
∂
((
g˜ae◦h◦
∗
pi
)
He
)
∂pd
]
◦ ϕL
=
(
ρia ◦ h ◦ pi
) ∂((g˜eb◦h◦pi)Le)
∂xi
−
(
ρ
j
b ◦ h ◦ pi
)
∂((g˜ea◦h◦pi)Le)
∂xj
− (Lcab ◦ h ◦ pi) (g˜
e
c ◦ h ◦ pi)Le
and
(8.7)
[
Lbc ◦ ϕH
∂
((
g˜ae◦h◦
∗
pi
)
He
)
∂pc
]
◦ ϕL =
∂((g˜ea◦h◦pi)Le)
∂yb
.
Corollary 8.1 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain
(8.6)′
[(
ρia ◦
∗
pi
) ∂((g˜be◦∗pi)He)
∂xi
]
◦ ϕL −
[(
ρ
j
b ◦
∗
pi
) ∂((g˜ae◦∗pi)He)
∂xj
]
◦ ϕL
[(
Lcab ◦
∗
pi
)(
g˜ce ◦
∗
pi
)
He
]
◦ ϕL −
[((
ρ
j
b ◦
∗
pi
)
Ljd ◦ ϕH
) ∂((g˜be◦∗pi)He)
∂pd
]
◦ ϕL
−
[((
ρia ◦
∗
pi
)
Lid
)
◦ ϕH
∂
((
g˜ae◦
∗
pi
)
He
)
∂pd
]
◦ ϕL
=
(
ρia ◦ pi
) ∂((g˜eb◦pi)Le)
∂xi
−
(
ρ
j
b ◦ pi
)
∂((g˜ea◦pi)Le)
∂xj
− (Lcab ◦ pi) (g˜
e
c ◦ pi)Le
and
(8.7)′
[
Lbc ◦ ϕH
∂
((
g˜ae◦
∗
pi
)
He
)
∂pc
]
◦ ϕL =
∂((g˜ea◦pi)Le)
∂yb
.
Theorem 8.3 If ((ρ, η)TϕH , ϕH)
∗ (ωH) = ωL, then
(8.8)
[(
ρia ◦ h ◦ pi
) ∂((g˜eb◦h◦pi)Le)
∂xi
]
◦ ϕH −
[(
ρ
j
b ◦ h ◦ pi
)
∂((g˜ea◦h◦pi)Le)
∂xj
]
◦ ϕH
[(Lcab ◦ h ◦ pi) (g˜
e
c ◦ h ◦ pi)Le] ◦ ϕH −
[((
ρ
j
b ◦ h ◦ pi
)
Hdj ◦ ϕL
)
∂((g˜eb◦h◦pi)Le)
∂yd
]
◦ ϕH
−
[((
ρia ◦ h ◦ pi
)
Hdi ◦ ϕL
) ∂((g˜ea◦h◦pi)Le)
∂yd
]
◦ ϕH
=
(
ρia ◦ h ◦
∗
pi
) ∂((g˜be◦h◦∗pi)He)
∂xi
−
(
ρ
j
b ◦ h ◦
∗
pi
) ∂((g˜ae◦h◦∗pi)He)
∂xj
−
(
Lcab ◦ h ◦
∗
pi
)(
g˜ce ◦ h ◦
∗
pi
)
He
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and
(8.9)
[
Hbc ◦ ϕL
∂((g˜ea◦h◦pi)Le)
∂yc
]
◦ ϕH =
∂
((
g˜ae◦h◦
∗
pi
)
He
)
∂pb
.
Corollary 8.2 In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain
(8.8)′
[(
ρia ◦ pi
) ∂((g˜eb◦pi)Le)
∂xi
]
◦ ϕH −
[(
ρ
j
b ◦ pi
)
∂((g˜ea◦pi)Le)
∂xj
]
◦ ϕH
[(Lcab ◦ pi) (g˜
e
c ◦ pi)Le] ◦ ϕH −
[((
ρ
j
b ◦ pi
)
Hdj ◦ ϕL
)
∂((g˜eb◦pi)Le)
∂yd
]
◦ ϕH
−
[((
ρia ◦ pi
)
Hdi ◦ ϕL
) ∂((g˜ea◦pi)Le)
∂yd
]
◦ ϕH
=
(
ρia ◦
∗
pi
) ∂((g˜be◦∗pi)He)
∂xi
−
(
ρ
j
b ◦
∗
pi
) ∂((g˜ae◦∗pi)He)
∂xj
−
(
Lcab ◦
∗
pi
)(
g˜ce ◦
∗
pi
)
He
and
(8.9)′
[
Hbc ◦ ϕL
∂((g˜ea◦pi)Le)
∂yc
]
◦ ϕH =
∂
((
g˜ae◦
∗
pi
)
He
)
∂pb
.
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